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1. INTRODUCTION 


It is well kn own that, for every real convex function/on the interval [a, b\, we have 


b 



a 


Alomari [1] generalized the classical Hermite-Hadamard type inequalities for every convex 
function and for every positive convex function on [a, b], Mwaeze [2] obtained some 
generalized Hermite-Hadamard’s inequality for every convex functions and for every positive 
convex function on the coordinates. Moreover, the Hermite-Hadamard type inequalities for cp- 
convex functions were obtained by many researchers as seen in [11]-[14]. For example, 
Cristescu [11] have presented a version Hermite-Hadamard type inequality for <p-convex 
functions as follows: 



(p (v) 
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Concordantly, there are satisfactory evidence on similar results belong to stochastic processes. 
Then, let us see some studies in the literature [3]-[ 10], Firstly, convex stochastic processes 
were proposed and some properties were given for classical convex stochastic processes by 
Nikodem in [3]. Stochastic convexity and its applications were defined by Shaked et al in [4]. 
Jensen-convex, A-convex stochastic processes were introduced by Skowronski in [5]. The 
classical Hermite-Hadamard inequality to convex stochastic processes was extended by 
Kotrys in [6]. In recent years, Set et al in [7] obtained some inequalities for coordinated 
convex stochastic processes. Also, the Hermite-Hadamard type inequalities for harmonically 
convex stochastic processes on the coordinates were obtained by Okur et al in [8], Sarikaya et 
al [9] defined the cp h -convex stochastic processes and presented Hermite-Hadamard type 
inequality for these processes. Karahan et al [14] investigated the convex stochastic processes 
on n-coordinates, and obtained Hermite-Hadamard type inequality for these processes. 

The authors’ findings led to our motivation to build our work. The main subject of this paper 
is to obtain some generalized Hermite-Hadamard type inequalities for <p-convex stochastic 
processes on the n-coordinates. 


2. PRELIMINARIES 

There are well-known definitions of stochastic processes and some fundamentals about 
Hennite Hadamard inequality for stochastic processes in the literature (see, [6], [9], [14]). 

Definition 2.1 [6]. Let (II, 3, P) be an arbitrary probability space and I E 3, / c M be an 
internal. The stochastic process X\ I x fl -* R is called almost everywhere convex if 

X(At + (1 - A)s,-) < AX(t ,•) + (1 - A)A(s,-) 

for all t,s E I and A E [0,1], If the above inequality is reversed then X is said to be concave. 

Definition 2.2 [6]. Let {LI, 3, P) be an arbitrary probability space and I E 3, / c M be an 
internal. We say that a stochastic process X\ I x 12 -* 1« called 

(i) continuous in probability on I if for all t 0 E I if 


P — limX(t ,■) = X(t 0 ,-), 

t->t 0 


where P- lim denotes limit in probability, 

(ii) mean-square continuous on I if for all t 0 E I if 

limE[X(t,-) — X(t 0 ,-)] 2 = 0, 

t->t 0 

where E[ (t,-)J denotes expectation value of the random variable X (t,f, 

(Hi) mean-square differentiable at a point if t E I if there is a random variable X'(t,-): I x 
fl -» M such that 


Xft, •) 


X(t,-)-X(t 0 , •) 

P — lim - 

t->to t — t 0 
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We say that a stochastic process X: I x fl -> R is continuous (differentiable) if it is continuous 
(differentiable) at every point of the interval I. 

Definition 2.3[6], Let (fl , 3, P) be an arbitrary probability space and I E 3, / c M be an 
interval and X: I X fl -> M be a stochastic process with E[X(t,-) 2 ] < oo for all t E I. Let 
[0, t] c I, 0 = t 0 < t x ...t n — t be a partition of [0, t] and 6 k 6 t fc ] arbitrary for 
k = 1, A random variable rj\LI x fl -* E is called mean-square integral of the process 
X(t,-) on [0, t] if the following identity holds: 


limE 

n-> oo 


^ X(O k r) ■ (4 - tfc —1 ) - r}(t,0 


,k =1 


- 0. 


Then we can write almost everywhere 


L 

/ 


X (u,-)du — 


The mean-square integral operator is increasing on [0, t] almost everywhere, that is, 

t t 

X(t,-) < => j X (t,-)dt < j Y(t,-)dt. 

o o 


Definition 2.4[9]. Let us consider a function cp\ [u,v] -> [u,v], u < v. A stochastic process 
X: [u, v] x fl R is said to be (p-convex on [u,v] if the following inequality holds almost 
everywhere 


X ((A<p(t) + (1 - A)<p(s)),-) < AX((p(t),-) + (1 - A)X(<p(s),-) 

for all t,s E [u,v] and A E [0,1]. If the above inequality is reversed then X is said to be (p- 
concave on [u, v]. 

Theorem 2.1 [9]. Let X\ [it, v] x fl -» M be a cp-convex on [u,v],u < v and mean-square 
continuous function (p: [it, v] —> [it, v], <p(u) < <p( v). Then one has the inequality almost 
everywhere 


X 


fo (it) + cp ( v ) 


<p O) 


< 


tp(v) - <p(it) 


/ 

<p(u) 


X(t,-)dt < 


X((p(u), •) +X(cp(v), •) 


For n > 2, let Uj,Uj, (i = 1,2, ... ,n) be real numbers such that itj < v t for i = 1,2,... ,n, and 
the n-dimensional interval A n = Ylf=i[Ui,Vi\ Q [0, oo) n . 


In the following we give definition of convexity for stochastic processes on n-coordinates: 


Definition 2.5[14]. A stochastic process X: A n X fl -> M is called convex on n-coordinates if 
the stochastic processes 
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are convex on [iq,r> J almost everywhere for i — 1,2 

Definition 2.6[14], A stochastic process X: A n x /]->!« ,s<m/ to be convex on A n if the 
following inequality holds almost everywhere 

*((At + (1 - A)s),-) < AX(t ,•) + (1 - A)X(s,-) 

/or o// t — (t 1; t 2 ,..., t n ),s = (s 1; s 2 ,... , s n ) G A 71 and A G [0,1]. T/’f/ze above inequality is 
reversed then X is said to be concave on A n . 


3. MAIN RESULTS 

The main goal of this section is to present Hermite-Hadamard type inequalities for general 
convex stochastic processes on n-coordinates. 

For n > 2, let iq,iq, (i = 1,2, ...,n) be real numbers such that iq < iq for i = 1,2, 

A n : = nf =1 [<p(iq), <p(Vi)] £ [0, oo) n . Let us consider a function cp\ A n -* A n . 

In the following we give definition of general convexity for stochastic processes on n- 
coordinates: 

Definition 3.1. A stochastic process X: A n x 12 ^ M is called general convex on n- 
coordinates if the stochastic processes 

X l tn (t ,•) := X ((<p(ti),..., <p(ti_ i), (p{t), <p(t i+ 1 ),..., <p(tj)r) (a. e.) 

are general convex on [<p(iq), <p(iq)] almost everywhere for i = 1,2, ...,n. 

Definition 3.2. d stochastic process X: A n x 13 E is ,s<m/ to be general convex on A n if 
the following inequality holds almost everywhere 

X ((A<jo(t) + (1 - A)<p(s)),-) < AX((p(t ),•) + (1 - A)A(<p(s),-) 

/or a// t = (t lt t 2 , ...,t n ),5 = (s 1; s 2 ,... ,s n ) G A n and A G [0,1]. If the above inequality is 
reversed then X is said to be general concave on A n . 

Lemma 3.1. Every general convex stochastic process X\ A n x fl -* lij general convex on n- 
coordinates almost everywhere but converse is not true. 

Proof. Let X\A n x fl -* E be general convex on A n . Consider X\ n : [<p(iq), <p(iq)] x 12 -> R 
defined by 

X l tn (t, •) := X ((<p(ti),..., <p(t), <p(t I+ i), -, <p(t n ))r) (a. e.) 

for t G [iq, tq], Now for t, s G [iq, iq] and A G [0,1] almost everywhere 
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x t n (0(0 + (1 - AMs)),-) 

= X ((<j£>(ti),..., <p(ti_ i), A<p(t) + (1 - A)<j£>(s), ^(tj+i),..., <p(t„}),-) 

< AX ((<p(ti),..., <p(ti_ i), (p{t), (pit i+l ),..., (?(tj),-) 

+(1 - A)X ((<p(ti),..., <p(t;_i), 4»(s), 4»(ti+i), - - (p(tn))r) 

= AXi n (cp(t),-) + (l-m n (cp(s),-) 

which implies X\ n is ^-convex on [<p(itj), (pivi)], that is, X is general convex on n- 
coordinates. For converse we give the following counter example: 

Example 3.1. Let us consider a stochastic process X\ [0,l] n x fl -> R defined as 

X ((<piti),(pit 2 ), -MO)/) = MiMO -MO- 

It is a general convex stochastic process on n-coordinates as follows: 

x t n ((MO + (1 - ^)^(s))/) 

= <pih)<pih) 1 ) O(t) + (1 - X)<p(sj)(p(t i+1 ) ...(pit n ) 

= A(<p(t lMO -?>(Ci-l) <p(t)<p(t i+1 ) ... (pit n )) 

+(1 - A)((p(ti)<p(t 2 ) <p(s)<p(tf +1 ) -MO) 

= AXi n i(pit),-) + il-A)Xl n i(pis),-). 

But for t = (1,1,..., 0), s = (0,1,... ,1) G [0,l] n , <p(t) = t, we have 

X (0(0 + (1 - AMs)),-) = X((At + (1 - A)s),-) 

= X((A, 1,1.(1 — A}),-) = A(1 — A) 

and 

AXivit),-) + (1 - A)XOp(s),-) = AX(t,-) + (1 - A)X(s,-) = A. 0 + (1 - A). 0 = 0. 

This gives 

X (0(0 + (1 - A}<p(s}),-) > AX(<p((}#•) + (1 - A)XOp(s),-) 
for all A G [0,1], that is, X is not ^-convex on [0,l] n . 
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Remark 3.1. If X\ A n x fl -* M is general convex stochastic process on n-coordinates, then 
X\ : [<p(iq), (p(Vi)] X 13 -> I is general convex on [Up Vj] and (p\ [iq,!?*] [it*, Vj] m mean- 

square continuous function, <p(ui ) < (p(vf), for each i — 1,2, From Hermite-Hadamard 
inequality, we have almost everywhere 


X l t 

Lr 


V(«i) + <POi) 


< 


q)(v 


l r<P(vO 

i) ~ <P(u t ) J v(Ut) 


XL (<P(ti),Od<p(ti) 


XL (<p(ut),-)+X? +1 (<p(v t ),-) 


< 


( 1 ) 


Following results comprise Hermite-Hadamard’s inequality for general convex stochastic 
processes of first sense on n-coordinates: 


Theorem 3.1. Let X: A n x fl R be general convex stochastic process on n-coordinates, and 
(p:[Ui,Vi] —> [iq, v*] de mean-square continuous function, <p(Ui) < (p{v{), for each i — 
1,2,..., n. 77?e/7 we have almost everywhere 


xt +1 


I L 

k =1 


r<P(Vfc) 

K=± <p(.v k ) - cp(u k ) J^ (Ufc) 


(<3P»(v fc ) - <pOfc))OOfc+i) - 4»(Ufc+i)) 


^ (Vfe) ^(Ufc+i) + <pOfc + i) 


»•) d<p(t k ) 


<pOfc) rvb’k+A 


rVWk) r 
JmCmA J (( 


XL (<P(t fe+1 ),-) d<p(t k+1 ) dq>(t k ) 




r<p(?k) 


Proof. By applying Hermite-Hadamard’s inequality for general convex stochastic process 
on interval [<p(iq +1 ), <p(u i+1 )] we have almost everywhere 


X l t 


i + 1 l<P(Ui + l) + <P(Vl+l) 


■)<- 


r<P(vi+ i) 
t+il J (p(u i+1 ) 


< 


<p(.v i+1 ) - <p(u 
X£ 1 ((p(u i+1 '),-) + X l t + 1 ((p(v i+1 '),-) 


By integrating 


<p(.Vi)-(p(u 

1 


r<P(vd 

— x l t +1 
i)LuA n 


(p(M i+ i) +<p(v i+ i) 


»•) d(p(ti ) 


r<POi) r<P(v;+i) 

I I ^CHti+i.O d(p{t i+ i)d(p{td 

7 w(ui) ■'cotuij.,) 


OOi) - <p(iq))0p(> i+ i) - <jo(u i+ i)) 


<POi) J (p(u i+1 ) 


<< 


2(<p(Vf) ~(p(Ui 


r<P(n) 
-tH 
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Taking summation from 1 to n we get (2). 


Theorem 3.2. Let X: A n x fl -> M be general convex stochastic process on n-coordinates, and 
(p\[ui,Vi] —> [Ui,Vi] be mean-square continuous function, <p(Ui) < (p{v{), for each i — 
1,2,..., n. Then for u,v £ A n we have almost everywhere 


y_ - _ 

fri 2((p(.v k ) - (p(u k )) 

K — 1 



+ Xv n (<p(tfc),0) d<p(t k ) 


n 

< + x(<p(y),0] + y^K n (<P04V) + x v n (v(u k ),-)\. 

k= 1 


Proof. Since X: A n x H ^ M is general convex stochastic on n-coordinates, there for 
Xj. : [(p(Ui), q)(Vi)] x fl -* R is general convex stochastic process on [<p(iq), <p(Tj)] for each 
i — 1,2,... ,n , we have almost everywhere 


1 

<P(Vi) - <p(Ui) 
1 

<P(Vi) - <p(Ui) 


r'P( v i) 

I ; 

J (f)( uA 


XL (<p(t;).-)d<p(t;) 


<p(Ui) 

<P(?d 


rvv'U 

J(p(Ui) 


XL 


X{(p(u),-) +X l Un (<p(Vi ),•) 
2 

(<p(ui),0 +*OO),0 

2 


Adding above two inequalities we have 


1 

<p(vf) -<p(mO 



X(cp(u ),•) + X(<p(v,0 + Ai n (<p(Uj),-) + X£ n (<p(tq),0 

2 


for i = 1,2,..., n. This completes the proof. 

Corollary 3.1. Let X\ A 2 x fl -* M be general convex stochastic process on 2-coordinates. 
Then we have almost everywhere 


< 


+ 


v , /<POr) + <POi) <p(u 2 ) + (p{v 2 )\ 
X\ I - , - Jr 


2 (<p(v 2 ) 


l r<P(v i) / / 

————- A ((pCtr), 


<p(u 2 ) +<P(^ 2 ) 


i_ f 

I-<p(u 2 ))L 


/Wi) + <POi) 


2 (^(» 2 ) -«p(u 2 )) V 2 /U 2 




depth) 
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< 


r<P Oi) r<p(v 2 ) 

X(((p(t 1 ),t 2 ),-)d(p(t 2 )d(p(t 1 ) 


< 


+ 


OOl) - <P0l))00 2 ) - <?0 2 )) J(p(Ui) J(p{U2) 
l r<P(v 1 ) 

4 ( <p ( Vi ) _ y ( Mi )) J ) W(<P(tl),<P(w 2 ))/) +^((^(ti),<p(v 2 )),-)]^( £ l) 

I (0pOi)> <Kt 2 ))/) + * ((<POi)> <p(t 2 ))/)] dcp(t 2 ) 


<p(v 2 ) 

4 ((p(v 2 ) - (P(u 2 )) 


< 


X((p(u 1 ),(p(u 2 )') > ■ +x{((p(u 1 ),(p(v 2 )),-) +^(OpM,<P(w 2 ))/) +x(((p(v 1 ),(p(v 2 )),-) 


Theorem 3.3.If X:A n x fl -» R is general convex stochastic process on n-coordinates, then 
X{ n : [<p(u k ), cp(v k )] x /2 —> R is general convex on [<p(u fc ), <p(v k )] for each k = 1,2, ...,n. 
From Hermite-Hadamard inequality, we have almost everywhere 


n-1 


k =1 V 


<P(.U k ) + (p(v k ) (p(u k+1 ) + ^(Ufc+i) 


, ..., <p(tn)) 


^ v 1 r Cvk Kk (v( u k+i)+<p(v k+ i) 

- (- 2 -•■)“*'*> 


n-1 


^Z 

fe=i 


¥>(ffc) r<p(v k + 1 ) 


OOfc) - <P(u fe ))OOfc+i) - 4»(Uk+i)) 


rVk"k) r 
JmfihA Ja 


XL (<p(t k+1 )r)d(p(t k+1 )d(p(t k ) 


<P(«fc) J <P(M k + 1) 


n-1 


k=l 


<P(?k) ~ <P(. u k ) 


1 , 


L(u fc+lf 0+^(i7 fc+ i,0 


<p(u k ) 


2 t fc 2 


d(p(t k ) 


n-1 


k=1 


X((.<p(tf),... ,(p{t k - 1 '),(p{u k '), (p{u k+1 ),..., (p(t n y)r) 
+X((<p(t 1 ), ...,<p(t k - 1 ),(p(y k ),(p(u k+1 ), ...,(p(t n )),-) 
+X(((p(t 1 ), ...,(p(t k - 1 ),(p(u k ),<p(v k+1 ), ...,(p(t n )),-) 

L+^((^(ti),... ,(p{t k _ 1 ),(p{y k ),(p{v k+1 ),... ,(p(tn))r ) 


( 3 ) 


Proof. Since A: X /2 -> R is general convex stochastic on n-coordinates, there for 

X\ n : [<p(iq), <p(+)] x fl -* R is general convex stochastic process on [<p(iq), <£(+)] for each 
i = 1,2,... ,n , we have on [<p(iq +1 ), (p(v i+1 )] almost everywhere 


X, 


i+ i( ( p(. u i+l) + <p(v i+ 1 ) 


< 


<P(Vi+i) 


I_ f 

~(p(u i+ i) J 


<P(Vi +1 ) 


X£ 1 (<p(ti +1 '),-')d<p(t:i +1 ) 


<P(Mi+ 1) 


^ +1 (v(u t+ i),0+^ +1 (v(r (+ i),-) 


< 


i+l t 
n 


All of sides of the above inequalities by integrating over [<p(iq), <p(+)] 
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< 


(p Oi) - 
1 


_j_rw 

■t) - <p(ut) J Ui tn v 


(p(u i+1 ) + (p{y i+1 ) 


-• d(p(ti ) 


(<?0i) - <p(tq))(<p (v i+l) -<p(u i+ 1)) 

• <p(vd 


r<p(Vi ) r<p(Vi+i ) 
J <p(ui ) J <p(u i+1 ) 


1 fPW/ . X 


Again applying the Hermite-Hdamard inequality 


A 



yOfi) + <?0i) yCut+i) + jpQAhi) 

2 ’ 2 



^ 1 r Vi i+1 /^(wi+i) + <p(^+i) 

- <pfo) - <p(ut) J ut tn V 2 


d<p(ti ) 


( 5 ) 


for each i G {1,2,..., n — 1} and also 


1 

2(<?Oi) -<P(Uf)) 



<?Oi) 


1 r<POi) 

x _ -7 x A^OpCtq+iXOchpCt;) 

i) <p(Mi) J w 


V(Wi) 

'<P(Vi) 


l r<Pv v i) 


( x ((<p(ti), - ,(piti-i),(p(.Ui),(p(.Ui +1 ), - .(p(tn))r 

y +A(( < p(t 1 ),..., <jp(tf-i), <jp(Vf), <jp(u i+l). ■■■ > <jP(tn))> 

2 

X^cpitJ ,... ,(p(t i - 1 ),<p(u i '),(p(yi +1 ), ..., <5P(t n )),-) \ 
+A((<p(ti),..., (joCtf-i), <jo(v f ), <jo(v i+1 ),... ,<p(t n )\-)J 



' X(((p(t i), ...,(p(t i - 1 ),(p(u t ),(p(u t+1 '), ...,<p(t n )),-) ' 
1 +A((^(ti),... ,<p(t i - 1 ),(p(v i '),(p(u i+1 '), ..., <p(t n )),-) 
4 +A((<p(t 1 ),... ,<p(t i - 1 ),<p(u i '),<p(Vi +1 '), ..., <p(t n )),-) 
+*((<P(ti)...., <5P(ti-i), <p(Vf), <p(Vf +1 ), -, <j£>(tn))»0- 


for each i G {1,2, ...,n — 1}. Using the inequalities (5) and (6) in (4) and taking summation 
from 1 to n — 1, we have (3). 
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Theorem 3.4. Let X\ A n x fl -* M be a general convex stochastic process and be integrated in 
mean-square on A n . Then almost everywhere 


' <p(u l) + <P(Vl) ffOfw-l) + ffOn-l), <p(Mn) + <?On) \ \ 

v 2 2 ' 2 j’j 

1 \ r<P(v i) /-<p(v„) 

—- 7 —T-) I - X? (<p(tjr')d<p(t n )...d<p(t 1 ) 

l = l V„> 

< 2 - ^ X(6tp(u) + (1- S)rp(v),-), 

Se.Ii(tl) 


< 


( 7 ) 


where Z;(n) {5 £ Nq: 5 < 1, |5| = n + 1 — i, i = 1, ...,n + 1}, |5| := + —I - 8 n E 

M; 5q)(u): = {5 1 (p(u 1 ') I ..., 5 n <p(it n )) G Nq for it, vEA n . 

Proof. Using (1), we get the following inequality for X ” almost everywhere 


X, 


„ f<P(Mn) + <P(Vn) 


’ ) < <P(v n ) - <p(u n ) 1 


<POn) 


2 ' 7 <pO n ) _ >(>„) 

XL ((p(u n )r) + X? (<p(v n ),•) 


0 P(tn)r)d(p(t n ) 


< 


By integrating on [<p(u n _i), <pO n -i) ], we get 


<?Or 


_ f 


<P(?n-1) 


XI 


n (<P(Un) + <P(Vn) 


<P(Mn- 1 ) 


-•) d(p{t n _ i) 


r<P(Vn-i) r<p(v n ) 

— X t n n (.<p(tj,0d<p(tjd(p(t n 

n)J 7<p(u n _ 1 ) J(p(u n ) 


< 


OOn-1) - <POn-l))OOn) - <P(Mi 

1 f cp(v n ^ x n (v(Un)| .) + A? (tpOnV) 


-l) 


< 


(piVn 

From (4), (5), respectively 


_f 


d^Ctn-i) ■ ( 8 ) 


X fl, ..., 


<P(Un-i) 


(P(u n _ i) + <pOn-l) <p(lt n ) + <p(u n ) N 


< 


cp(y 

<p(v n - 1 ) - 


_i_ i 

n-l) - <P(Wn-l) L 


<P(v„-i) 


X, 


„ ^(Mn)+yfa) 


1 r ( Py v n-i) / 

n-l) — *P(Mti—i) 7^( Un _ 1 ) \ 


<P(u n -i) 

VtVn-i) /X? {(p(U n ),-) + *£ (<p(V n ),-) 


d(p(t n _i ), (9) 

d<p(t r ,_i) 
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<pOn-i) - cp(u, 




<P(Vn- 1) 


X? n (<p(U rl ),-)d(p(tn_ 1 ) 


+ 


■n-U >(%_!) 

^ CViVn- 1) 


L <POn-l)-<PO 


— [ 

n- 1) )</ 


*£ (.<p(Vn)r)d(p(t n _ i) 


<P(w n -1) 


< 


2 2 

From (8)-(10) 


X(((p(ti), ... , K^n-l), <P(Wn))/) + , <POn-l)> <POn)V) 

[+X((<^(ti), ..., KUn-r). <?On))/) + ^((<P(tl)> - > <?On-l), <POn)V) 


X <p(ti),-, 


<p(u n _i) + (p{y n -i) (PM + (p(v n y 


( 10 ) 


< 


OOn-l) - <POn-l))OOn) “ <K«n)) 


r<P(v n -i) r<P(v n ) 

— X? n 0p(tJ,0^(tJd<p(t„_i) 

nJJ j(piling) J(p(u n ) 


1 

< — 

- 2 2 


x((<^(ti), ..., <P(lln-i), <p(u n }},-) + ..., <p(u n _:L), <p(u n )),-) 

[+X((<^(ti), ..., <?(Wn-l), <POn))/) + - , <?(^n-l), <POn)V) 


( 11 ) 


Integrating on [< p(u n _ 2 ),(p(v n _ 2 ) ] 

-<POn-z) 


<p(?n-2) 


1 _ [ 

- (p(u n - 2 ) 




<P(Un-z) 



<p(“n-l) + <P(^n-l) <K“n) + <K%)\ . , , . 

lX-<-o-.-o-)<• KWn- 2 ) 


< 



i=n-2 


<P(Vi)~ (p(Ui) 


'<?On- 2 ) r<POn-i) r <P ( v n) 

I I ^tn (ty(tn)r'^d(p(tri)d(p(tn—i^d(p(tn—2) 

J (n (i] . . J tn 


VOn- 2 ) 'V(Un-i) J <p(u n ) 


< 


<POn- 2 )-<P(Xi-2) 


1 , 


<POn-2) 1 

22 


<P(w n - 2 ) 


X(0p(tl), ....^(Un-i), ^(u„)) f -) 
+X((<p(ti), ..., <p(^n-l). <K«n))/) 
+X ((^fe), ... ^(u n -r), <?On))/) 

L +X(((p(t 1 ), ..., <p(^n-l), <POn)V) J 


d(p{t n _ 2 ). ( 12 ) 


From (4), (5), respectively 


X \ Ufo),-, 


(p(u n - 2 ) + <?K- 2 ) <POn-i) + (p(v n - 1 ) <p(u n ) + (p(v n y 


< 


(p(y n - 


_i_f 

n- 2 ) *P(^n- 2 ) la 


<p(v n -2) (( (p(u n -i) + (p^n-i) (p(Un) + <P( v n)\ \ 

^ K^). ^ 2 ' 2 n ' j,-jdy(t n _ 2 ) ,(13) 
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< 


<POn- 2 ) - (P(u n _ 2 ) 


tJ. 


<P(v n - 2 ) \ 

V- 


V(u n - 2 ) 


+X((<p(ti), ... , <pK-l)> <POn))c) 
+X ((^(ti), ... <POn))/) 

L +X((<p(t 1 ), ..., (p{v n -i), (p(Vn))r) J 


d(p(t n _ 2 ) 


1 

< - 

“ 2 3 


+X(((p(t 1 ),...,(p(Vn- 2 ),(p(.U n _ 1 ),(p(u n )),-) 
+x(((p(t 1 ),...,(p(u n _ 2 ),(p(v n _ 1 ),(p(u n ))r ) 

+x((<p(ti) ; ...^(u n _ 2 )^(u n _ 1 ),<p(it n )),-) 
+x((<p(ti),...^(u n _ 2 )^(u n _i)^(u n )),-) 

+^((<P(U)>..., (p(y n _ 2 ), (piUn-J, (p(v n ))r) 
+X(((p(t 1 ),...,(p(u n _ 2 ),(p(v n _ 1 ),(p(v n )),-) 

L+*((<P (tl), - On- 2 ), <P K-l),<P On))/) 


(14) 


From (12)-(14) 
1 


<?On- 2 ) - <?On- 2 ) 




POn- 2 ) 


x Ufa),..., 


<?On-l) + <?On-l) <P(.U n ) + <pfai> 


d<p{t n _ 2 ) 


< 



¥>On-2) \ 

X \ rV(y>n- 2 ) f<POn- 1 ) r <p(v n ) 


i=n -2 


<POi)-<?Oi), 


r<f^n-ij p 
J (!) f 1], . J (!) 


^tn (O)»") d(p (tn) dtp (tjj_i) dcp (tn—2) 


V(«n-2) J <p(Un-i) J <p(u n ) 


1 

< - 

“ 2 3 


*(0(0), ■■■,<P(u n - 2 ),<P(Un-l),<p(.U n '))r) 

+x(((p(t 1 ), ..., <p(y n - 2 ),<p(.u n -i),<p(.u n '))r) 


+X{i(p(t 1 ), 
+X{{cp(t 1 ), 
+X((.<p(t 1 ), 
+*((^fa), 

+X((<p(ti), 

+X((<p(ti), 


, K^n- 2 )> <?On-l), <?On))/) 

, K“n-2), <?On-l), <?On))/) 

• (piVn-l). <POn-l), <?On))/) 

,(p(u n - 2 )> <p(v n -i),<p(v n )),•) 

, <POn- 2 ), <?On-l), <?On))/) J 


Using inductive method for n — k — 1, we obtain 

//VOi) + <?Oi) (p(u k _ 2 ) + (p(_v k _ 2 ), <pO/c-i) + <pOfc-i) N 




ll- 


fc-i 


< 



i=l 


<?Ol) r<P(>fc-l) 
*^Oi) *P(Mi) j ■lcp(u 1 ) ■'<p(u k _ 1 ) 


Xt k _\ (<p(t fc _i),-)d<p(t fc _i) ...d<pfa) 


12 









<^TT ^ x(8(p(u) + (1 -8)(p(v),-), 


Seli(k- 1 ) 

where /j(/c — 1) := {5 G Ng: 8 < 1, |5| = k — t; i = 1,..., k, k E N}, |d| := 8 ± + —I - 8 n E 
N; 8u: — (5..., 8 n u n ) 6 Mq for u,v E A n . Consequently, for n — k, we get (7). 

Example 1. Let X\ A 3 X fl ^ R be a general convex stochastic process and be integrated in 
mean-square on A 3 . Then almost everywhere 

x | l <P(Mi) + (p{v i) (p(u 2 ) + (p(v 2 ) <?(%) + 


* n 


^i=n-2 


<P(^i) - <K«i) 


r<P( v i) r<P(v 2 ) r<P0 3 ) , . 

X ((<Kti), ^fe), <p(t 3 )),-) d(p(t 3 )d<p(t 2 ')d(p(t 1 ) 

J <P(u l) •'u 2 •%-, 


1 

< — 
- 2 3 


*((^(Ui).^(w 2 )» <P(w 3 ))/) + ^((<P(Vi),<p(u 2 ),<jO(W3)),-) 
+X((<p(Ui), <p(v 2 ), <1P(W 3 ))<-) + ^(u 3 )),-) 

+^((^(Mi)»^(m 2 )»^(v 3 ))»-) +^((^(Vi).^(u 2 ),^(v 3 )),-) 

+X((<p(u 1 ), <jO(v 2 ), <p(v 3 )),-) + ^((<p(l7i), <p(v 2 ), <p(v 3 )), )J 


(13) 


Proof. According to Theorem 3.4 for n = 3, we get 

*t 3 (^(t 3 ).0 : = *((^(ti)»^(t 2 )»4f>(t 3 ))/) 
and /j(3) := (d £ Mg: d < 1, |5| = 4 — i}, i = 1,2,3,4. Then 

Zi(3) = {(1,1,1)}; Z 2 (3) = {(0,1,1), (1,0,1), (1,1,0)}, 

Z 3 (3) = {(0,0,1) , (0,1,0), (1,0,0),}; Z 4 (3) = {(0,0,0)}, 
and for (p (it) = (^(uj), <p(u 2 ), (p(.u 3 )), cp(v) = (<jo(vi),<jo(v 2 ),<jo(v 3 )) 

^ X(8(p(u) + (1 - 8)(p(v),-) 

8 Eli 

= X ((l,l,l)(<p(it 1 ), <p(u 2 ), <p(u 3 )) + [(1,1,1) - (1,1,1)](^(Vi),^p(v 2 ), ^p(v 3 )),-) 

= a((<p(ui),<p(u 2 ),<1p(u 3 )),-); 

^ X(8(p(u) + (1 - 8)(p(v),-) 

Se1 2 (3) 

= X ((0,l,l)(<p(ui), <p(u 2 ), <p(u 3 )) + [(1,1,1) - (0,1,1 )](<p0a),<Kv 2 ),<Kv 3 )),-) 
+ A((l,0,l)((p(u 1 ),<p(u 2 ),<p(u 3 )) + [(1,1,1) - (l,0,l)](<p(v 1 ), <p(v 2 ), <^(v 3 )),-) 
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+A - ((l,l,0)(<jo(w 1 ) f (jo(u 2 ) > <jo(u3)) + [(1,1,1) -(1,1,0 )](<p(v 1 ’),<p(v 2 '),<p(v 3 ))r') 
= X ((^(Ui),^(i7 2 },^(v 3 )).-) + x{{(p(u 1 ),(p(.v 2 ),(p(u 3 )),-) 
+x[((p(u i),<jo(u 2 ),<p(v 3 }),-); 


So, 


Thus 


^ A(5<p(u) + (1 - 8)<p{v ),•) = X ((<p(vi), <p(v 2 ), <P(^ 3 )), ) 

5ei3(3) 

+X ((<jo(vi), (p(u 2 ), <p(v 3 }),-) + * <p(.v 3 ))r ); 

^ A(5<p(u) + (1 - 5)<jo(v),•) = X ((^(Vi), <p(v 2 ), <p(v 3 )),-). 

8 E.I 4 , (3) 


^ X{ 8 (p{u ) + (1 - S)(p(v),-) 

8 E.I j(3) 

= * ((<?(%), <P(w 2 ), (pM),-) + X ((<?(%)> <p(u 2 ), <KuO)/) 

+X ((<p(vi),<p(y 2 ), <p(u 3 ))/) + * ({(pM,(p(u 2 ),(p(.v 3 )),-) 

+x ((<?(%), <^(u 2 ), <pM)/) + a (OK^), <p(u 2 ), 


Using all of the above equalities in (13), we obtain the desired result in this example. 


4. CONCLUSION 

In this paper, we obtain some new Hermite-Hadamard type inequalities for <p-convex 
stochastic processes on n-coordinates. As special cases, one can obtain several new and 
correct versions of the previously known results for various classes of these stochastic 
processes. 
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